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Weak measurement of a quantum system followed by postselection based on a subsequent strong 
measurement gives rise to a quantity called the weak value: a complex number for which the inter¬ 
pretation has long been debated. We analyse the procedure of weak measurement and postselection, 
and the interpretation of the associated weak value, using a theory of classical mechanics supple¬ 
mented by an epistemic restriction that is known to be operationally equivalent to a subtheory of 
quantum mechanics. Both the real and imaginary components of the weak value appear as phase 
space displacements in the postselected expectation values of the measurement device’s position 
and momentum distributions, and we recover the same displacements as in the quantum case by 
studying the corresponding evolution in our theory of classical mechanics with an epistemic restric¬ 
tion. By using this epistemically restricted theory, we gain insight into the appearance of the weak 
value as a result of the statistical effects of post selection, and this provides us with an operational 
interpretation of the weak value, both its real and imaginary parts. We find that the imaginary part 
of the weak value is a measure of how much postselection biases the mean phase space distribution 
for a given amount of measurement disturbance. All such biases proportional to the imaginary part 
of the weak value vanish in the limit where disturbance due to measurement goes to zero. Our 
analysis also offers intuitive insight into how measurement disturbance can be minimised and the 
limits of weak measurement. 

PACS numbers: Valid PACS appear here 


I. INTRODUCTION 


One of the most distinctive features of quantum me¬ 
chanics is the necessary disturbance to the quantum state 
associated with any measurement that acquires informa¬ 
tion about the state. This information gain-disturbance 
relation places restrictions on what types of measure¬ 
ments are allowed within quantum theory. Weak mea¬ 
surements are a limiting case of a class of measurements 
with which it is possible to measure the average value of 
some observable using an ensemble of particles, all pre¬ 
pared in the same initial state, with minimal disturbance 
to the state of each individual particle. Such measure¬ 
ments have a long history in quantum theory (see, for 
example, Refs. BHll). 

Performing a weak measurement leaves the state of 
the particle largely undisturbed, and one can consider 
performing a subsequent measurement, possibly of a dif¬ 
ferent observable. Consider an ensemble of particles pre¬ 
pared in the same state Ifk) subjected to a weak measure¬ 
ment of observable A followed by a projective measure¬ 
ment of observable B, and then postselecting only those 
experiments corresponding to a specific outcome |6) of B. 

It is within the context of such experiments that 
Aharonov et al. [5] introduced the weak value, 


{A)w 


m) 
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as the measurement outcome of the observable A for 
the preselected and postselected ensemble. Subsequently, 
there was considerable debate over the meaning of this 


weak value, as it is in general a complex number. An 
operational interpretation of the weak value as a com¬ 
plex number, whose real and imaginary parts manifest as 
shifts in the average position and momentum of the post 
selected measurement devices, was given by Jozsa m- 
The interpretation of the real part of the weak value as 
the conditional expectation value of the variable A [BUTT] 
has been used in analysing counterfactual quantum para¬ 
doxes [SHE]- The imaginary part of the weak value has 
been connected to the shift in momentum of the pointer 
associated with measurement disturbance [Tfl [TB] . An¬ 
other debated property of the weak value is that it is not 
constrained by the eigenvalue spectrum of the variable, 
that is, the weak value can be larger than the largest 
eigenvalue of the variable [T5]. Such anomalous weak 
values have been considered for signal amplification HOl- 
\2‘A\ . The appearance of anomalous weak values can be 
used to provide a proof of contexuality [24], which sug¬ 
gests that interpreting the real part of the weak value as 
a conditional expectation value needs to be reevaluated. 

Much of the difficulty in interpreting the weak value 
may be because it seeks to analyse the measurement 
outcomes of two noncommuting observables on a given 
state of a particle, which is known to be problematic 
in quantum theory due to the lack of an ontology for 
measurement outcomes associated with observables. It 
is worthwhile, then, to consider whether the weak value 
can arise in a theory that does possess a clear ontology. 
Recently, it has been shown that similar features to the 
weak value in quantum theory can arise within a simple 
statistical model supplemented with a backaction due to 
measurement [^, suggesting that the weak value is a 
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statistical feature in theories involving measurement dis¬ 
turbance. The suggestion that weak values can arise in 
a classical analog is controversial muniiii, and it has 
been argued that weak values have no analog in classical 
statistics m- 


In this paper, we analyse weak values using a theory 
of classical mechanics (thereby possessing a clear ontol¬ 
ogy) supplemented with a restriction on the observer’s 
knowledge. This theory is the epistemically restricted 
Liouville (ERL) mechanics of Ref. [28) . and it is known 
to reproduce many of the features of quantum measure¬ 
ment. In this theory, all particles evolve under classical 
equations of motion and it is operationally equivalent to 
gaussian quantum mechanics; this connection is best seen 
through the description of gaussian quantum mechanics 
using nonnegative Wigner functions. Notably, the epis- 
temic restriction provides a sensible notion of weak mea¬ 
surement within the ERL theory, one that directly repro¬ 
duces many of the key features of quantum weak mea¬ 
surement. We emphasise that ERL theory adds neither 
extra stochasticity to classical dynamics nor any addi¬ 
tional disturbance mechanism; rather, all of the features 
analogous to quantum theory appear naturally within a 
deterministic theory supplemented only by ignorance on 
the part of the observer. 


Within ERL theory, as in quantum mechanics, we find 
that the weak value appears operationally as shifts in the 
mean position and momentum distributions of the mea¬ 
surement device upon postselection (as first discussed by 
Josza [E]). The analysis in the ERL theory gives us 
a direct interpretation of the origin of these shifts, and 
thus of the weak value. Specifically, the real component 
of the weak value represents the shift in the position of 
the measurement device as a result of its interaction with 
the measured particle, as expected from a measurement. 
The imaginary component of the weak value, however, 
quantifies not the result of any dynamical changes to the 
measurement device but simply a bias on the distribu¬ 
tion of the measurement device as a result of postselec¬ 
tion. That is, we have an operational interpretation of 
the imaginary part of the weak value as a measure of 
how much postselection will bias the distribution of the 
measurement device. The weak value is not a unique fea¬ 
ture of quantum theory, but can arise in other theories 
that possess a restriction or limitation on the observer’s 
knowledge of the initial state of the particle or the mea¬ 
surement device, which is arguably a very natural phys¬ 
ical restriction. 


We note that anomalous weak values do not appear 
in our analysis, as all observables in our model possess 
an unbounded spectrum. Consistent with the results 
of Ref. [24], our model is also noncontextual: the ERL 
mechanics provides an explicit noncontextual ontological 
model for all procedures described here. 


II. WEAK MEASUREMENTS AND THE WEAK 
VALUE 

In this section, we introduce the formalism of weak 
measurements within quantum theory, as well as briefly 
introduce the weak value. We first review the stan¬ 
dard formalism for von Neumann measurements, includ¬ 
ing strong (projective) measurements, and then intro¬ 
duce weak measurements within this model. We then 
demonstrate the appearance of the weak value (both real 
and imaginary parts) in the conditional expectation val¬ 
ues of the position and momentum of the measurement 
device after postselection. 


A. The Von Neumann measurement model 


Here, we review the framework of quantum measure¬ 
ment, wherein an observable is coupled to a measurement 
device followed by a projective measurement of the mea¬ 
surement device’s position. With this framework, we can 
describe both strong (projective) as well as arbitrarily 
weak measurements. 

We describe the measurement device by a one¬ 
dimensional quantum system with canonical position 
observable Q and momentum observable P satisfying 
[Q, P] = ih. In what follows, we choose units such that 
h = \. We denote position eigenstates by \Q) satisfying 

Q\Q) = Q\Q)- 

Consider the initial state of the wavefunction of the 
measurement device to be a pure gaussian state with 
mean position 0. The most general form of such a state 
is 

\<^) = j c)mQ) dQ , (2) 

where 

(t>{Q) oc -h iQpp ^, (3) 

up to an irrelevant normalisation constant. Here, Ag is 
the standard deviation of the position of the device, jjLp 
is the mean momentum of the measurement device and 
H is the covariance of the device 

n = {pQ + QP)-2{P){Q). (4) 


As the measurement device is in a pure gaussian state, it 
saturates the uncertainty principle and hence the uncer¬ 
tainty in its momentum is 


A 


2 _ 
P — 




( 5 ) 


Such a device can be used to measure a quantity given 
by the particle observable A by coupling the particle and 
device via the interaction Hamiltonian 


Hi-at = x{t)P®A, 


( 6 ) 
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where P acts on the measurement device and A acts on 
the particle. 

An impulsive measurement is performed over a time 
interval [0, to] such that 

[ Xit) dt = g, (7) 

Jo 

where g is the effective interaction strength. Consider 
an initial state of the particle given as |5') = 

where \aj) is an eigenstate of A with eigenvalue Oj . After 
the interaction, the state of the device and particle will 
be 

= cj^{Q-ga,)\Q)dQ)\a,). (8) 

3 

Consider the case where the initial uncertainty in the 
position of the pointer Ag is zero, and thus |$) is a 
position eigenstate with eigenvalue 0. In this case, 

lim = ^aj\Q = gaj)\aj). (9) 

Aq—>U 

3 

After the interaction, the measurement device’s position 
is maximally entangled with the eigenstates of A of the 
particle. A projective measurement of the position of 
the device pointer perfectly resolves the eigenvalue of A, 
and collapses the state of the particle into an eigenstate 
of A. This measurement, then, corresponds to a strong, 
projective measurement of A on the particle. 


B. Weak measurements 

The weak measurement limit is the opposite limit of 
this strong measurement, and aims to reduce the distur¬ 
bance to an arbitrarily small amount at the expense of a 
correspondingly small information gain. Within the mea¬ 
surement model described above, we introduce two dif¬ 
ferent ways in which a measurement can be made weak. 
First, each particle can be coupled arbitrarily weakly to a 
measuring device by using a vanishingly small interaction 
strength. Alternatively, a weak measurement can also be 
obtained by using an initial state of the measurement 
device with fj,p = 0 and Ap —>■ 0, which would imply 
Ag —>■ oo from ([^. (While these two limits lead to iden¬ 
tical measurement statistics within quantum theory, we 
explore each of them separately, as they will correspond 
to different processes in the context of the epistemically- 
restricted theory of classical mechanics explored in the 
next section.) In both of these limits, the disturbance 
caused by measurement, as well as the amount of infor¬ 
mation gained, are both very small. If this measurement 
is repeated on a large number of particles, each prepared 
in the same initial state |'I'), it is possible to measure the 
average value of an observable A of the ensemble of par¬ 
ticles with arbitrary accuracy as the number of particles 
becomes large. 


Weak measurement 


Projective measurement 
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o— 
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FIG. 1: An illustration of the operational protocol. The par¬ 
ticles are all prepared in the same initial state. They are first 
measured weakly by measurement devices shown on the left, 
followed by a projective measurement of observable B shown 
on the right. The shift in the mean position of the mea¬ 
surement devices that weakly interacted with the particles 
on the postselected set (shaded) corresponding to outcome b 
has terms proportional to the real and imaginary parts of the 
weak value. 


C. The quantum weak value 

With the concept of weak measurement, we now de¬ 
rive the weak value, with an emphasis on the difference 
between the two weak measurement methods described 
above. 

The weak value arises in a measurement scenario 
wherein a weak measurement of an observable A is fol¬ 
lowed by a strong (projective) measurement of another 
observable B, together with postselection on a particular 
outcome labelled by eigenvalue b of the measurement of 
B. The observable B on which results are postselected 
need not commute with the variable A weakly measured 
as illustrated in Fig 1. In such a situation, the weak value 
is defined [5] to be 


{A)w 


m) 


( 10 ) 


where B\b) = b\b). Using Ilk) = J2j the real part 

of this complex number is 


Re [Aw] 


0!jal{b\aj){ai\b) 


and its imaginary part is 


Im[Aw] 


Ej.z Oi3'^*{b\aj){ai\b) 


( 11 ) 


( 12 ) 
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We will now show explicitly how the real and imagi¬ 
nary parts of the weak value appear as phase-space dis¬ 
placements in the mean position and momentum of the 
postselected distribution of the measurement devices per¬ 
forming the weak measurements. The unnormalised state 
of the post selected particles and the devices after weak 
measurement is 

(7(g)|6)(6|)e-*9'P®^|$)|4'). (13) 


Recall that jd*) is a gaussian state of the form of Eq. ([^. 
Having postselected particle-measurement device pairs 
for which the particle is in the final state \b), the se¬ 
lected devices are described by the unnormalised state 
1$') = J2j J 4>{Q ~ 9<^j)\Q)dQ- The mean posi¬ 

tion of this device state after postselection on 5, denoted 

{Q)b, is 


{Q)b = 


J2j,i o^ 3 <^’i{b\aj){ai\b) f Q(/)(Q - gaj)(p*(Q - gai)dQ 
aja’^{b\aj){ai\b) f (f)(Q - gaj)(/)*(Q - gai)dQ 




j,l 


{b\aj){ai\b)g 


+ Q,Z) 


iQ{aj —ai ) 
2 


^ exp( + ig{aj - ai)gp) 


T.j,i ajar(&|aj )(ail^>exp( 


-(aj-Oi) 2 A|,g 2 


-h ig{aj - ai)gp) 


(14) 


The mean momentum of the device after the weak mea¬ 
surement and postselection on b is 


{P)b = 


{b\a.j){ai\b) f P(/>(P, aj)<f)*(P, ai)dP 


Y.j,i {b\aj){ai\b) J ^(P, aj)cl)*{P, ai)dP 
Ey/ -i 9 ^pOija‘[{b\aj){ai\b){aj - ai)e ^ 






(15) 


where ^{P,ai) = exp(P^A|,(l -|- iH)/4 — iPgUi) is the 
Fourier transform of (j){Q — gai) up to a normalisation 
constant. 


1. Small uncertainty Ap 


From Eq. ( |15[ ), the mean momentum of the device is 
Ej.i -i 9 ^pOija*i{b\aj){ai\b){aj - ai) 


{P)b = 




= 2gAplin[{Aw)] 

which in the limit becomes 


lim {P)b = 0. 

Ap—>^0 


(18) 


(19) 


In this limit, the momentum of the device remains un¬ 
changed, and there is no disturbance to the state of the 
particle. There is, however, a shift in the mean position 
of the device proportional to the real part of the weak 
value {Aw). Because this limit implies Ag —>■ oo, it is a 
shift in a uniform distribution and hence not physically 
resolvable. 


We now consider these expressions using the first 
method to obtain weak measurements, wherein the ini¬ 
tial position of the measurement device becomes highly 
uncertain. In the limit of Ap —>■ 0, we also have H 0. 
Consider the case where the mean momentum of the de¬ 


vice, gp, is also set to zero. Using Eq. (14), the mean 
position of the device is 


{Q)b = 


T.j,i 0 L 30 ‘*{b\aj){ai\b)g^- 


j +Q-Z) 


Y.,iaja*{h\aj){ai\b) 


= 5Re[(iu^)] -f 5iUIm[(liy)], 


(16) 


where we have ignored terms of order Ap and higher as 
a result of taking Ap to be small. In the limit Ap —>■ 0, 
the covariance U —>■ 0 and this shift becomes 


lim (Q)b = gRe[(Hw)]. 

Ap—>^0 


(17) 


2. Weak coupling g 

Consider now the second method for obtaining weak 
measurements, where the coupling strength g is small 
and the mean momentum of the device, ^p, is also set 
to zero. In the limit of g —>■ 0, there is no disturbance to 
the system, however, in this limit, there is also no shift in 
the average position and momentum of the post selected 
devices. Hence, we then calculate the mean position and 
momentum of the measurement device after postselection 
to leading order in g. The mean position of the device 
after postselection is 


{Q)b = 




Y.i,i 0 ^ 30 ^i{b\aj){ai\b) 


= 5Re[(Hw)] -f gmm[(Hw)], 


( 20 ) 
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and the mean momentum of the device after postselection 
is 


where the observable A we are measuring is one of the 
form 




Ej,i -^gA|.aja*(6|aj-)(a;|5)(aj- - o;) 

2gApIm[(Aw)]- 


( 21 ) 

( 22 ) 


A = cos OaQ + sin 9aP- (24) 

We then postselect using a projective measurement of 
the observable B = cosBbQ + sinS^p, with eigenstate 


(In Ref. [16], the expression for {Q)i, is written as {Q)b = 
(/Re[Aw] + where m is the mass of the 

measurement device. To relate the expression of Eq. (20) 
with this one, observe that the covariance of the device 
can be written as mass times the change in variance of 
position of the device propagating under a free Hamilto¬ 
nian. Note however that, at the time of interaction, the 
Hamiltonian is not that of a free particle.) 


3. Shifts in the postselected distributions of the 
measurement device 

Comparing the shift in the mean position {Q)b of the 
device in the two cases, we find a term that is propor¬ 
tional to the imaginary part of the weak value of variable 
A. This additional term depends on the covariance H 
of the device, and as we will see in Sec. |IHC| it arises 
due to postselection of the particles biasing the device 
distribution. There is also a shift in the mean momen¬ 
tum {P)b of the device, proportional to the imaginary 
part of the weak value. Note that in a limit where the 
disturbance due to measurement goes to zero, such as, 
^OorAp—>-0, this shift in the mean momentum 
disappears; and only in this limit of finite disturbance, 
do we see the manifestation of the imaginary part of the 
weak value. The reason for this will become clear in our 
classical analysis in section Sec. |HI C[ 


( 6 | = 


1 


27ri sin 6 b 


^-i{bq/sineB-cot0sqV2)(^q\dq_ ( 25 ) 


The weak value of A for this postselection is 

dtr'* cos0p(5cos6>yi — g,pSm{A9)) 
4(t4 cos^ 9b + sin^ 6b 
sin 9B {pq sin( Ad) -|- b sin 9a) 

4(7"^ cos^ dp-I-sin^ dp 


(26) 


.2cr^(—5 -I- fiq cos dp -|- pp sindp) sin(Ad) 
40"^ cos^ dp -|- sin^ dp ’ 

where Ad = dp —9a- We note that this expression de¬ 
pends linearly on pq, pp, and 6, and while the real part 
of this expression has the same form as expected from 
Bayes’ rule, the imaginary components of {A)w is also 
clearly identified. 


Note: In Eq. (23), we consider a gaussian state with 
zero covariance for simplicity. However, this choice is 
equivalent to using a gaussian state with nonzero covari¬ 
ance simply by changing the quadratures of of both weak 
and strong measurement appropriately, that is, changing 
9a and 9b- Hence our analysis holds for general gaussian 
states. 


D. Weak value of gaussian states 

Here, we analyse the weak value in the special case 
where the particle is a one-dimensional canonical quan¬ 
tum system prepared in a state with a gaussian wave- 
function. It is this special case which will be directly 
comparable to the results presented in the next section, 
within a theory of classical mechanics with an epistemic 
restriction. Let q and p be the position and momentum 
observables for the particle, satisfying [q,p] = ih- Let the 
initial quantum state of the particle be 

I'S) (X J exp(^- ^‘^ -^ippq^\q)dq. (23) 

This is a gaussian wavefunction with position mean pq 
and variance cr^, and momentum mean pp and variance 
While this state has been chosen to have zero con- 
variance, we emphasise that our results are completely 
general (see note below). The particle and the measur¬ 
ing device are coupled under the Hamiltonian in Eq. (§, 


III. WEAK VALUES IN THE ERL THEORY 

In this section, we will analyse the weak measurement 
and postselection procedure described above in the con¬ 
text of a theory with a clear classical ontology: the epis- 
temically restricted Liouville (ERL) theory of Ref. |28j . 
This theory describes particles evolving in a phase space 
according to classical equations of motion. What makes 
this theory interesting is an epistemic restriction that lim¬ 
its the knowledge that an observer can possess about the 
state of these particles. It has been shown that there is 
a complete operational equivalence between the dynam¬ 
ics of the restricted Liouville distribution that describes 
an observer’s knowledge in the ERL theory, and that of 
a subset of quantum theory, namely, gaussian quantum 
mechanics. 

For a full description of the ERL theory, the form of the 
epistemic restriction, and its consequences, see Ref. [28] . 
Briefly, the classical state of the particles in the theory 
are points in a phase space, i.e., positions and momenta. 
An observer’s knowledge about the state of a particle is 
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given by a Liouville distribution, i.e., a probability dis¬ 
tribution on phase space. These phase space distribu¬ 
tions are mathematically equivalent to Wigner functions 
of gaussian quantum states and satisfy the uncertainty 
principle, in other words, gaussians whose covariance ma¬ 
trices satisfy the following relationship 

7 + *S>0, (27) 


where 7 is the covariance matrix defined as 


7 = 


2A2 


(pq + qp) - ‘2,{p){q) 


(pq + qp) - 2{p){q) 


2A2 


(28) 


and S is defined as 


E = 


0 1 
-1 0 


(29) 


In the remainder of this section, we will analyse 
weak measurements, postselection, and the correspond¬ 
ing weak value for gaussian states within ERL theory. 


A. Measurement model in ERL theory 


In this section, we will treat the measurement proce¬ 
dure outlined in section |II A| within ERL theory. That 
is, we will interact the particles and measuring devices 
using a classical interaction and Hamilton’s equations of 
motion. However, we will require that all initial Liouville 
distributions describing these systems obey the epistemic 
restriction (271. This restriction will lead us to a concept 


of weak measurement within ERL theory, including a 
tradeoff between information gain and disturbance much 
like quantum theory. By following the structure of the 
quantum derivation in Sec. |H A[ we introduce a general 
measurement model within ERL theory and then inves¬ 
tigate the situations under which the disturbance to the 
particles is minimised. 

We model both the particle to be measured and the 
measurement device as one-dimensional canonical sys¬ 
tems, with q and p the position and momentum coor¬ 
dinates of the particle, and Q and P the position and 
momentum coordinates of the measurement device. The 
particle and the measurement device are coupled via the 
Hamiltonian 


H = x{t)PA, (30) 

where the observable we are measuring is of the form 

A = cosOAq + siuOaP ■ (31) 

The distribution of the particle and the measurement 
device changes according the the classical Hamiltonian 
equations as a result of this interaction, following 

dt dp ’ dt dq 


After the measurement, the position and momentum of 
the particle are 


q = qi + gsm0APi, (33) 

P = Pi- gcosBAPi, (34) 

where pi and qi are the initial momentum and position 
of the particle being measured respectively and Pi is the 
initial momentum of the measuring device. 

The position and momentum of the measurement de¬ 
vice after this interaction are 


Q = Qt+ 5 (cos OAqi + sin 9APi), (35) 

P = P^■ (36) 


Hence the change in the position of the device gives the 
measurement outcome. Note there is no change in the 
momentum of each device due to the measurement in¬ 
teraction, which suggests that any change to the mean 
momentum of the ensemble of devices, must be statisti¬ 
cal bias. 


For an ideal measurement, we would require the ini¬ 
tial position of the device Qi to be known with complete 
certainty, and this would lead to a perfect correlation 
between the observable A and the position of the mea¬ 
surement device after interaction. However, due to our 
epistemic restriction, the uncertainty in the momentum 
of the device must be infinite in this case, i.e., the ob¬ 
server has no knowledge of the initial momentum of the 


measurement device Pi. From Eqs. (331 and (34), the po¬ 
sition and momentum of the particle are each displaced 
by an amount proportional to the initial momentum of 
the device as a result of the interaction. If the initial mo¬ 
mentum Pi of the measurement device is unknown, so is 
the phase space displacement of the particle. Thus we see 
how, within the ERL theory, such a measurement that 
acquires complete information about an observable A of 
the particle is accompanied by a corresponding unknown 
disturbance on the state of the particle. 

It is in this way that an information gain-disturbance 
tradeoff appears in the ERL theory, despite its classi¬ 
cal ontology. If we removed the epistemic restriction, the 
state of the particle would still be displaced by an amount 
proportional to the momentum of the device. However, 
the observer could in principle know the initial value of 
the momentum of the device as well as its position and 
therefore correct for this change. In other words, distur¬ 
bance due to measurement arises in Newtonian mechan¬ 
ics, and the epistemic restriction just makes the distur¬ 
bance unrectifiable. Note that, despite the change in the 
position and momentum of the particles due to the in¬ 
teraction, the expectation value of the observable A has 
not changed, i.e.. 


A{p,P) = cos0A{qi - gsm0AP) + sin0^(pj -|- gcos0AP) 
= cos 0Aqi + sin 9 APi 

= A{pi,Pi). 


(37) 
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As in quantum theory, measurements in ERL theory are 
repeatable, and the disturbance is associated with uncer¬ 
tainty in canonically conjugate observables. 


B. Weak measurements in ERL theory 


We now introduce weak measurements in the ERL the¬ 
ory, again following by analogy the quantum formalism 


of Sec. IIB From Eqs. (33) and (34), one can again see 


two methods by which the disturbance due to measure¬ 
ment can be made small: first, by considering small cou¬ 
pling g, and second, by requiring the initial momentum 
of the measurement device Pi to be very close to zero. In 
the second method, to ensure that the momentum of the 
measurement device has Pi = 0 (and not just the mean 
value of the Liouville distribution), we must require that 
the variance Ap. is very small as well as the mean value 
fj,p. = 0. Due to the epistemic restriction, the initial 
uncertainty in position of the measurement device Aq. 
must then be very large. Therefore, in the limit of small 
Ap ^, we have vanishing knowledge of the initial position 
of the device and hence any change in this position after 
the measurement (Eq. (35)). Thus, in both methods, we 
obtain weak measurements that yield an arbitrarily small 
information gain about the system and correspondingly 
small disturbance. 


Within ERL mechanics, we note that these two meth¬ 
ods of obtaining weak measurements are physically dis¬ 
tinct. In both cases, in the limits 5 —J-OorAp—>-0 
we have both no disturbance to the system as well as no 
information gained about the system. There is a differ¬ 
ence in the ontology, however. In the limit of g —>■ 0, 
there is no physical change to the measurement device. 
In contrast, in the limit of Ap —>■ 0, there is a shift in 
the mean position of the measurement device, but our 
uncertainty about the device’s initial position makes the 
shift undetectable. 


C. The weak value in ERL theory 


With a meaningful notion of weak measurement in 
ERL theory, we can now consider the appearance of a 
weak value. Let the initial phase space distribution of 
the particles being measured be described by a position 
distribution with mean /iq and variance and a momen¬ 
tum distribution with mean gtp and variance i.e., as 
the Liouville distribution 


the Wigner function of the initial state |$) in Eq. ([^, 
PdiQ^,P^) = ^exp(-(2A|,Q2 + 2A^p2 _ 2DP,Q,)), 

(39) 

where D = 2{PiQi) — 2{Pi){Qi) form the off diagonal 
elements of the covariance matrix. 

Observable A is measured using weak measurements 
as described above. After the weak measurement, the 
actual position and momentum of each particle and de¬ 
vice changes according to Eqs. (33)-(36), and the phase 
space distributions of the particles and devices become 
correlated as 

/o'sd( 9 , P,Q,P) = Psiq- g sin 0AP,P + g cos 6»^P) 

X Pd{Q - gicosOAq +sineAP),P) ■ ( 40 ) 

The particles are then measured using a strong mea¬ 
surement of observable B = cos0Bq + sinOpp, and post¬ 
select on the outcome cos 0Bq + sin Opp = b. The posts- 
elected distribution of the measurement devices is then 

PdiQ,P)=J J Psdiq,P,Q^P)^iB = b)dqdp ( 41 ) 


f , 6 -cos 

= / Psd\q^ ■ a - ,Q,P)dq. 

J sm t/p 


sm t/p 

The mean position of the postselected subset is 

{Q)b = J J Qp2Q.P)dPdQ 

_ a{g, Oa, 0B,AQ,gp, a, O, b) 


(42) 


(43) 


P{g,0A,0B,AQ,(T,n) 
where a and /3 are real-valued functions dehned as 
a{g,0A,dB,AQ,gp,a,n,b) 

= g^{p,q COS0A -I- /Tp sin0^)(l -I- f2^)tT^ sin^(A0) 

-I- gAg (^a'^ cos0B(bcos0A — Pp sin(A0)) 

-I- sin0B{fj.q sin(A0) -|- 6sin0yi) 

-I- 2Dcr^ sin{A0){fiq cosOp + p,p sinflp — 6 )^ (44) 

l3{g,OA,0B,AQ,a, n) 

= g^{l + D^)(t^ sin^(A0) -|- AQ(4cr^ cos^ 0b + sin^ 0b). 

(45) 

The mean momentum of the postselected subset is 

{P)b = J J Pp'^{Q,P)dPdQ 

g{l + Vt^)a‘^{pLq COS0A + Pp sin0^ — b) sin(A0) 


l3ig,0A,dB,AQ,a,n) 


(46) 


Ps{qi,Pi) 


\ ~ ~ Mp)^2cr^) . (38) 


1. Small uncertainty Ap 


This distribution is precisely the Wigner function of 
the initial quantum state |'I') of Eq. ( [2^ . The initial 
phase space distribution of the measurement device is 


As with the quantum case, we consider these expres¬ 
sions using the first method to obtain weak measure¬ 
ments, wherein the initial position of the measurement 













device becomes highly uncertain. We characterise this 
case by choosing Hp = 0 and take the limiting case 
Ap —>■ 0, which implies —?► 0 as well. We find we can ex¬ 
press the average shift in the position of the measurement 
devices upon postselection using the same expression for 
{A)w as calculated in Eq. (26), to give 


{Q)b = 5R.e[(A)w] -I- gf2Im[(Avy)] , 


(47) 


where again we have ignored terms of order and 

higher. In the limit Ap —>■ 0, the covariance 17 —?► 0 and 
this becomes 


lim {Q)b = gRe[(ivv)] • (48) 

Ap—^0 

This exactly reproduces the quantum mechanical shift in 
mean position. As our model has a classical ontology, 
it allows joint probability distributions over all variables, 
unlike quantum mechanics. As a result, we are able to 
calculate conditional expectation values of any two ob¬ 
servables. In our situation, we can exploit this fact to 
compare the shift in the average position of the device 
with the expectation value of A of the particles condi¬ 
tioned on an outcome b of observable B. We find that 
the real part of the weak value is indeed the same as the 
conditional expectation value. 

In this limit we find that the mean momentum of the 
devices is 


{P)b = 2gAllxn[{Aw )], (49) 

which in the limit becomes 

lim (P)b = 0. (50) 

Again, this exactly reproduces the quantum mechanical 
expression. 


2. Weak coupling g 


Just as in the quantum case, we take the mean momen¬ 
tum fip — 0. If we take g to be finite but small enough 
to ignore higher than first order terms of g, the shift in 
the average position of the postselected devices is 

{Q)b = 5Re[(A)H^] -I- gf2Im[(A)w], (51) 


and the average momentum shift is 

{P)b = 2gAllm[{A)w]. 


(52) 


From Eq. (36), we see that the momentum of the indi¬ 


vidual measurement devices are not changed due to the 
weak measurement. However in this method for weak 
measurements, we do not require Ap —>■ 0, i.e., there is 
uncertainty of the initial momentum of the measurement 
devices. The state of the particles can be shifted in phase 


space by the momentum of the devices, as shown in (33) 



FIG. 2: Joint probability distribution of the momenta of the 
particle and measurement device after weak measurement. 
The position p of the particles are weakly measured with 
devices sampled from a momentum distribution with mean 
zero and Ap A 0. Each particle’s momentum is shifted by 
an amount proportional to the momentum of the device P, 
following ( |34[ ). If one now postselects measurement devices 
based on the particle having momentum p = b, then the dis¬ 
tribution of these devices is shown on the plane intersecting 
the plot. The mean of this postselected distribution is no 
longer zero. 


and (34), and so initial uncertainty in the momentum of 
the measurement device leads to an unknown disturbance 
of the particles. By postselecting on particles that have 
been perturbed by the momentum of the device, we ar¬ 
rive at a final momentum distribution of the device that 
is biased. 


An example of this effect is illustrated in Eig. 2, where 
the position of the particle is weakly measured, followed 
by postselection on the particle’s momentum, that is, 
Oji = 0 and = f. The shift in the mean momen¬ 
tum of the measurement devices does not arise as a re¬ 
sult of the dynamics of the interaction, but instead from 
postselection biasing the momentum distribution. If the 
position distribution of the devices is correlated to the 
momentum distribution via a nonzero covariance H, the 
position distribution of the devices will also be biased. 

In summary, we have seen how terms in both the po¬ 
sition and momentum shifts that are proportional to the 
imaginary part of the weak value are primarily the re¬ 
sult of postselection biasing the device distributions, not 
dynamics. This observation allows us to formulate an op¬ 
erational interpretation of the imaginary part of the weak 
value as a measure of how much postselection will bias 
the device distribution, given finite disturbance, which we 
emphasise results from uncertainty in the initial proper¬ 
ties of the devices. 
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D. Bounds on the weak measurement regime 


As an additional insight that arises from our analysis 
of the weak value, we now provide a better bound on the 
range of couplings g for which the standard weak value 
results will hold. In order to consider g to be small (and 
therefore to ignore higher order terms), from equations 
(fni), (pOl), (IT^, (pTl), one can see that this approximation 


is good provided 


« 


{aj - aif 


Vj,/, 


(53) 


where Oi is an eigenvalue of the measurement operator. 
This condition is very restrictive and is not useful for 
variables with a continuous eigenspectrum. However, we 
can derive a less restrictive upper bound by looking at 
the approximations made on the classical distributions of 
the devices. From Eqs. (43) and(461, we can see that in 


order to ignore higher order terms of g, we require 


« 


(4(7^ cos^ 0B + sin^ 9b) 
4cr2 sin^(0A — 9 b ) 


(54) 


Because ERL theory is operationally equivalent to gaus- 
sian quantum mechanics, this upper bound is also true 
for gaussian quantum states, and could equally well be 
derived from the quantum formalism. This is a signif¬ 
icantly less restrictive upper bound for gaussian states 
than the one discussed in Ref. [H] . 


momentum of the devices as in our quantum analysis. 
Because our ERL model has a clear ontology, it gives 
us insight into the statistical effects of postselecting on 
weakly disturbed states. We find that the real part of 
weak value is the conditional expectation and the imag¬ 
inary part of the weak value is a measure of how much 
post selection biases the distribution of the system being 
measured given any finite disturbance. 

We do not see the appearance of any anomalous weak 
values in our analysis. This is because in addition to 
the observables in our model having an unbounded spec¬ 
trum, our analysis is restricted to gaussian quantum me¬ 
chanics, which is known to be non-contextual as it al¬ 
lows a non-negative quasiprobability representation (the 
Wigner function). Our interpretation of the real and 
imaginary parts of the weak value cannot be naively ex¬ 
tended to states and measurements that allow for the 
observation of anomalous weak values, as these would 
imply a proof of contextuality that explicitly rules out 
the existence of the type of epistemically-restricted clas¬ 
sical mechanics we employ. What our results show is that 
for states and measurements that are noncontextual, the 
weak measurement procedure followed by post selection 
reproduces shifts proportional to the real and imaginary 
parts of the weak value even in a model based on classi¬ 
cal mechanics. Our work also suggests that quasiproba- 
bilistic representations might prove to be a useful tool in 
analysing the weak value for the more general case. 


IV. CONCLUSION 


The weak value has long been argued to be a funda¬ 
mentally quantum phenomenon. Here, we have analysed 
the weak value in a theory with a clear classical ontology 
but one in which information about a (classical system) 
is limited. This epistemically-restricted theory provides 
an analogy of the weak value: one which is exact when 
compared with weak value experiments in gaussian quan¬ 
tum mechanics. Within this epistemically-restricted the¬ 
ory, we see the same average shifts in the position and 
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